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We introduce a concept of the measurement space where the information that is not accessible
using the particular type of measurements available is erased from the system. Each state from the
Hilbert space is thus mapped to its counterpart in the measurement space. We then proceed to
compute the entanglement of formation on this new space. We find that for local measurements this
never exceeds the entanglement of formation computed on the original state. Finally we proceed to
apply the concept to quantum communication protocols where we find that the success probability
of the protocol using the state with erased information in combination with perfect measurements
is the same as using the non-perfect measurements and the original state. We thus postulate that
the so defined entanglement measure quantifies the amount of useful entanglement for quantum
communication protocols.
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I. INTRODUCTION
In an experimental setting it is likely never the
case that we can achieve perfect rank-1 projective
measurements. In such a setting it is impossible
for us to obtain all the possible information about
the state of the system. In this paper we construct
a theoretical framework that erases those proper-
ties of the state that cannot affect the outcome of
our (imperfect) measurements.
Mathematically, we define a new Hilbert space,
called the measurement space. The states in the
measurement space will contain only the informa-
tion that can be extracted using the available mea-
surements. We construct these states through a
procedure not unlike the Naimark’s dilation the-
orem, whereby we change the state so that the
measurements act just like rank-1 projectors in
the measurement space. Intuitively, the properties
that are preserved are those that are now accessi-
ble only with the perfect measurements (rank-1
projectors).
Mathematically, the map can best be under-
stood as taking all states in the Hilbert space into
the form
∑
j
√
pj ‖ψj〉, where ‖ψj〉 are orthogonal
measurement space states corresponding to differ-
ent measurement outcomes. The double bar in the
notation is there to remind us that these states are
the measurement space versions thereof. When we
erased the non-measurable properties we changed
the components of the state that correspond to the
measurement outcomes - they were made orthogo-
nal (see figure 1). Since the perfect rank-1 projec-
tion measurements are best we can get, we effec-
tively transform the state into the form where the
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best possible measurements cannot extract more
information than the chosen generalized measure-
ments in the original Hilbert space.
Physically, we can look at the first stage of the
measurement process - the interaction between the
measurement device and the measured system. We
add the measurement apparatus ancilla in some
state |0〉 to the state |ψ〉 to obtain |ψ〉 |0〉. The
following unitary U then describes the interaction
(for more details see for instance [1, 2]):
U |ψ〉 ⊗ |0〉 =
∑
m
Mm |ψ〉 ⊗ |m〉 . (1)
The read out of the measurement is now conducted
by conducting a measurement on the measure-
ment device. The measurement operators are of
the form 1 ⊗ |m〉 〈m|. Notice that if you write
Mm |ψ〉 ⊗ |m〉 as a single state vector, you get ex-
actly the measurement space state. The measur-
able information in the state (1) is the same as
that in the measurement space.
Next we explore how the quantum information
theoretic quantities behave on states where the
non-measurable information has been removed. In
particular we are interested in entanglement and
show that the state without any non-measurable
information is just as effective in all quantum com-
munication protocols as the original state. More
precisely, using a state with this amount of en-
tanglement and perfect measurement operators for
a quantum communication protocol results in the
same fidelity as using the imperfect measurements
and the original state.
For some protocols the fidelity is a strictly
monotone increasing function of entanglement
when perfect rank-1 projectors are used. In such
cases we can claim that the entanglement in the
measurement space state is the amount of entan-
glement that is useful for the particular protocol.
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FIG. 1. When a state |ψ〉 is mapped to the measurement space the components corresponding to the measure-
ment outcomes are made orthogonal and their lengths adjusted to the square roots of the respective outcome
probabilities.
The operational entanglement measure thus ob-
tained encompasses those devised previously to
deal with the indistinguishable particles (like for
example in [3, 4]) since the measurement operators
can always be made insensitive to the exchange of
particles.
We also prove that when the measurements are
local the map from the original state to the mea-
surement space is LOCC. This implies that the
entanglement in the measurement space is always
less than or equal to the standard entanglement.
Furthermore, we find an upper bound for the two-
dimensional systems and show when the upper
bound is attained.
Finally, we apply the above formalism to the
mode entaglement. We find that the isolated
single-particle mode entanglement cannot have an
operational meaning unless further degrees of free-
dom are added to the system. We examine the
more general case of adding more particles and
more degrees of freedom and find the upper bound
on the operational entanglement. Whenever the
total number of measurement outcomes is not a
prime number mode entanglement is found to have
an operational meaning as well.
Following this introduction, the paper is organ-
ised into the definition of measurement space in
section II, the application to entanglement in sec-
tion III, followed by a look at the mode entan-
glement in section IV and concluding remarks in
section V.
II. DEFINITION OF MEASUREMENT
SPACE
Here we shall consider the quantum system S to
consist of a state |ψ〉 and a set of generalized mea-
surement operators. We shall denote the original
Hilbert space as H and we define a new Hilbert
space, called the measurement space, and denote
it as M. Every state |ψ〉 ∈ H has a correspond-
ing measurement space state denoted as ‖φ〉. The
map from |ψ〉 to ‖ψ〉 is defined as
‖ψ〉 = mS(|ψ〉) =
∑
m
(〈
ψ M†mMm ψ
〉)1/2 ‖m〉 ,
(2)
where ‖m〉 are the orthonormal basis states of the
measurement space M and Mm are the general-
ized measurements. The dimension ofM is there-
fore the same as the number of measurement out-
comes in our quantum system S. As argued in the
introduction, the measurement space state con-
tains exactly the properties of the quantum real-
ity measurable with the particular set of measure-
ments.
The above formulation is a type of nonlinear
Naimark dilation, where we pay the price of non-
linearity in order to have simplicity in the calcula-
tion of the map.
III. ENTANGLEMENT IN
MEASUREMENT SPACE
In this section we shall examine the properties
exhibited by the entanglement in the measurement
space. In other words, we shall consider the fol-
lowing quantity
Em(|ψ〉) = E(‖ψ〉), (3)
where E is an entanglement measure.
We know that every protocol can be imple-
mented by starting with a measurement by Al-
ice, classical communication of the measurement
result to Bob, followed by a unitary by Bob (for
proof of this see [1]). We shall label the measure-
ment operators that Alice uses as M1, ...,Mn. In
response to Alice obtaining the result k, Bob im-
plements the unitary Uk. In order to measure the
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fidelity of the protocol, Bob devises two measure-
ments: My,k corresponding to the protocol suc-
ceeding and Mn,k corresponds to protocol failing.
As before, the index k enumerates Alice’s measure-
ment outcomes and is there for the cases where the
success and failure of the protocol depends on Al-
ice’s measurement result. In many practical cases
this is so. For example, the quantum key distri-
bution protocol succeeds if Bob obtains the same
measurement result as Alice when they measure in
the same basis.
We are now ready to prove our theorem.
Theorem 1. Given a state |ψ〉 to be used as a
resource in a quantum communication protocol,
the success rate of the protocol is the same with
the original state and original imperfect measure-
ments as it is with the measurement space state
and rank-1 projective measurements.
Proof. Denote pk,y = 〈ψ|M†kMk ⊗ M†y,kMy,k |ψ〉
the probability of the outcome corresponding to
Alice obtaining k and Bob finding that the proto-
col succeeded, while pk,n is defined similarly. First
we shall find the success probabilities in the mea-
surement space. The measurement space state is
given by
‖ψ〉 =
∑
k
(√
pk,y ‖k〉 ‖y, k〉+√pk,n ‖k〉 ‖n, k〉
)
.
(4)
The success probability given that Alice obtained
the outcome k = m is given by
p(y |m) = p(y ∩m)
p(m)
=
pm,y
〈ψ ‖m〉 〈m‖ ⊗ 1 ψ〉
(5)
=
pm,y
pm,y + pm,n
. (6)
The overall probability of success is then given by∑
m p(y |m)p(m) =
∑
m py,m.
Now we repeat the same calculation in the orig-
inal Hilbert space, where we find
p(m) =
〈
ψ M†mMm ⊗ 1 ψ
〉
(7)
= 〈ψ| (M†mMm ⊗M†m,yMm,y (8)
+ M†mMm ⊗M†m,nMm,n
) |ψ〉 (9)
= pm,y + pm,n. (10)
So as above, we obtain
p(y |m) = pm,y
pm,y + pm,n
. (11)
This completes the proof.
Next we shall show that as long as the mea-
surement operators are local, entanglement in the
measurement space is always less than that in the
original Hilbert space. If the measurements are
not local, this can easily be shown not to be the
case with an example.
Theorem 2. Given a set of local generalized mea-
surement operators MAmA ⊗MBmB and a state |ψ〉,
it is always true that E(‖ψ〉) ≤ E(|ψ〉).
Proof. The existence of an LOCC map taking |ψ〉
to ‖ψ〉 would immediately imply that E(‖ψ〉) ≤
E(|ψ〉) (see [1, 5, 6]).
The state |ψ〉 is distributed among Alice and
Bob. To prove the theorem, we add one measure-
ment apparatus ancilla to each of the parties and
initialise them in some state |0〉 and continue ac-
cording to the measurement scheme:
U |ψ〉 |0〉 |0〉 =
∑
mA,mB
MAmA ⊗MBmB |ψ〉 |mA〉 |mB〉 .
(12)
This operation is local and unitary and so
E(|ψ〉 |0〉 |0〉) = E(U |ψ〉 |0〉 |0〉). Now we con-
struct a projection operator for Alice of the form
PA =
∑
mA
P
jmA
mA ⊗ |mA〉 〈mA| , (13)
where PmA is a rank-1 projector corresponding to
some measurement outcome. The operators must
be so constructed that each outcome jmA has the
probability of 1nA , where nA is the dimension of
Alice’s original Hilbert space. This is achieved
by making the operators project onto the quan-
tum fourier transforms of the eigenstates of Al-
ice’s partial density matrix appearing in front of
|mA〉 〈mA|. The partial density matrix describing
Alice’s subsystem of U |ψ〉 |0〉 |0〉 is given by
TrB [U |ψ〉 |0〉 |0〉] =
∑
mA
∑
m′A
∑
mB
TrB
[
MAmA ⊗MBmB |ψ〉 〈ψ|MAm′A
† ⊗MBmB
†]⊗ |mA〉 〈m′A| . (14)
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Now consider only the part∑
mB
TrB
[
MAmA ⊗MBmB |ψ〉 〈ψ|MAmA
† ⊗MBmB
†]
(notice that prime disappeared over the second
mA). This is a non-normalized partial density ma-
trix and thus has a set of orthogonal eigenstates.
Label these states as |φ1mA〉, |φ2mA〉, . . . , |φnAmA〉 (nA
here is the dimension of Alice’s ancilla). Now do
a quantum Fourier transform on these states and
label the results as |ω1mA〉, |ω2mA〉, . . . , |ωnAmA〉. I.e.,
|ωjmA〉 =
1√
nA
nA−1∑
k=0
e2piijk/nA |φkmA〉. (15)
It is clear that the probability of measuring |ωjmA〉
is equal to 1nA for any mA. So let us denote
P
jmA
mA = |ωjmAmA 〉〈ωjmAmA |. For every mA we have
a number of measurement results 1, . . . , nA. For
each instance of measurement, we can then write
down a list of results, one corresponding to each
mA and put them in order into a vector ~j. This is
followed by a unitary operation of the form
UA =
∑
mA
UmA ⊗ |mA〉 〈mA| , (16)
where UmA maps the new state in front of |mA〉 to
some fixed state |0〉. Repeating the same for Bob
leaves us with the state
|0〉 ⊗ |0〉
∑
mA,mB
(pmA,mB )
1/2 |mA〉 ⊗ |mB〉 , (17)
where the ancilla is now exactly our measurement
space state!
It is a corollarly of the above theorem that for
any separable state |ψ〉, operationally useful en-
tanglement vanishes.
Konrad et. al. show in [7] that given a two-
partite system of qubits and a LOCC map of the
form L ⊗ 1 it holds that
C (L ⊗ 1 |ψ〉) = C (L ⊗ 1 ∣∣φ+〉)C (|ψ〉) , (18)
where C is concurrence, a simple to calculate mea-
sure of two qubit entanglement [8]. They also show
that in general for LOCC maps that are not of the
form L ⊗ 1 we have
C (L |ψ〉) ≤ C (L ∣∣φ+〉)C (|ψ〉) . (19)
The discussion below thus applies only to qubits.
We showed above that the transformation from
|ψ〉 to ‖ψ〉 is an LOCC map. We shall denote the
Alice’s part of the map as LA(|ψ〉) and Bob’s part
of the map as LB(|ψ〉), so that L(|ψ〉) = LA(|ψ〉)⊗
LB(|ψ〉). Using the above results, we can then say
that
C (LA(|ψ〉) |ψ〉) = C
(LA(|ψ〉) ∣∣φ+〉)C (|ψ〉) .
(20)
But we notice that in the above proof that the
only place where our map depends on the state
is when we measure in the Fourier transformed
basis - equation (15). Further, notice that if
the operators MmA are linear combinations of
the projectors on the Schmidt basis of the state
|ψ〉, then the measurements in equation (15) will
simply be the Fourier transforms of the Schmidt
basis (to see this consider the eigenstates of∑
mB
TrB
[
MAmA ⊗MBmB |ψ〉 〈ψ|MAmA
† ⊗MBmB
†]
).
Since for the Bell state |φ+〉 any basis is a Schmidt
basis, we can thus see that LA(|φ+〉) acts in ex-
actly the same way as LA(|ψ〉). Therefore
C (LA(|ψ〉) |ψ〉) = C
(LA(∣∣φ+〉) ∣∣φ+〉)C (|ψ〉) .
(21)
Notice that the right hand side is proportional to
C (|ψ〉).
When the measurements of B happen to also
be along the Schmidt basis of LA |ψ〉, we can go
further and say
C (LA ⊗ LB |ψ〉) = C
(LA ∣∣φ+〉)C (LB |ψ〉)
= C
(LA ∣∣φ+〉)C (LB ∣∣φ+〉)C (|ψ〉) . (22)
Here we omitted the explicit dependence of the
maps on the states, since the state they act on
and the dependence are the same.
In general, however, we will only have that
C (LA ⊗ LB |ψ〉) ≤
C
(LA ∣∣φ+〉)C (LB ∣∣φ+〉)C (|ψ〉) .
(23)
To see this, notice that if we do not Fourier trans-
form the correct basis to get to equation (15), var-
ious measurement outcomes in the next stage of
the map will no longer occur with equal probabili-
ties. This essentially introduces an additional local
positive semi-definite map on one of the subsys-
tems and results in lower entanglement. Indeed,
the output of this procedure is generally a mixed
state.
What the above means is that for a set of mea-
surements there always exists a unitary that maxi-
mizes the amount of measurement space entangle-
ment. The unitary is such that Alice’s operators
are aligned with the Schmidt basis of the state |ψ〉,
while Bob’s are aligned with LA |ψ〉. The amount
of entanglement in the measurement space is then
a linear function of the amount of entanglement in
the original Hilbert space.
Because of all these results, the entanglement
in the measurement space can be considered as
being the amount of entanglement that can be op-
erationally used in the context of quantum com-
munication protocols.
4
IV. MODE ENTANGLEMENT
Entanglement of quantum field modes [9] occurs
when dealing with a state of the form
|ψ〉 = 1√
2
(
a† + b†
) |0〉 . (24)
Here |0〉 is a vacuum state. As an example, con-
sider a single, perfectly isolated spin 1/2 particle
in the state
|ψ〉 = 1√
2
(|0〉+ |1〉) . (25)
Considering the state |0〉 to be mode a and the
state |1〉 to be mode b, we can also write it in the
form |ψ〉 = 1√
2
(|1a0b〉+ |0a1b〉), or in the second
quantized form as above. This looks just like one
of the maximally entangled Bell states. The big
question then is: Can this entanglement be used
to facilitate information theoretic protocols? Pre-
vious attempts to answer this question show that
this appears to be possible with an addition of a
very large particle reservoir [10, 11]. Here we look
at this question from a more general perspective.
The mathematical definition of entanglement
would have us conclude that the above state is en-
tangled. In fact, any state in a Hilbert space that
is at least two dimensional can be written as an en-
tangled state since we can always find two modes
such that the probability of the system being in
one or the other of the modes is non-zero.
Consider the measurement space map of |ψ〉.
Clearly, there are two possible measurement
outcomes for any state; these are |1a0b〉 〈1a0b|
and |0a1b〉 〈0a1b|. We therefore know that
|1a0b〉 〈1a0b| + |0a1b〉 〈0a1b| = 1 and we know
that our set of measurements is complete. Thus,
as we have two measurements, the measurement
space will also be two dimensional, the basis con-
sisting of ‖a〉 and ‖b〉, one for the particle be-
ing in mode a and the other for b. The map
of the above state into the measurement space is
‖ψ〉 = 1√
2
(‖a〉+ ‖b〉). Since 2 is a prime number
there is no way to separate the Hilbert space into
a tensor product space and thus it is not possible
for the single particle to posses any measurement
space entanglement. However, if we find a way to
add more measurements, by for example introduc-
ing additional particles or degrees of freedom, the
mode entanglement may well acquire measurable
consequences. Indeed, it was found that the single-
particle mode entanglement can be used in quan-
tum teleportation, as long as the single particle is
augmented with a particle reservoir in the form of
a Bose-Einstein condensate. In this scenario, the
states |0a0b〉 and |1a1b〉 effectively become possible
to rotate into and so it is no longer true, as it was
above, that |1a0b〉 〈1a0b|+ |0a1b〉 〈0a1b| = 1.
If we simply add additional particles to the sys-
tem, without chaging their indistinguishable na-
ture, it is also possible to increase the amount
of entanglement in the measurement space. We
define a separate Fock space mode for each of
the possible internal states, in our case |0〉 and
|1〉. As such we notice that the dimensionality
of the resulting Fock space is equal to the num-
ber of possible ways the number of particles can
be partitioned into two non-negative integers. We
consider n + m and m + n as two distinct parti-
tions. For example, when we have two particles
with two internal degrees of freedom, our space
consists of |20〉, |11〉 and |02〉, where we have that
2 = 2+0 = 1+1 = 0+2. With n particles our space
is then n + 1 dimensional. If our measurements
consist only of particle-number measurements, we
can only have operationally useful entanglement
when n + 1 is not a prime number. More gener-
ally, assume we have n particles, each of which has
m possible internal states and each of the states
corresponds to a mode. Then the number of possi-
ble measurement outcomes is equal to the number
of partitions of n into m integers. In other words,
it is the number of ways that n can be written as
n = n1 + n2 + ...+ nm, where nj are non-negative
integers and where a different order of summands
counts as a different partition. In general, the
number of such partitions is equal to the binomial
coefficient
(
n+m− 1
m− 1
)
. Out of all pairs of divi-
sors of the number of partitions, suppose we each
time choose the largest one and out of the set of
these largest ones we choose the smallest one and
call it p. Mathematically,
p = inf
{
max(k, l) : k, l ∈ Z+ and
k · l =
(
n+m− 1
m− 1
)}
. (26)
Then the bipartite useful entanglement based on
the entropy of entanglement is bounded above by
Eu ≤ log
[
1
p
(
n+m− 1
m− 1
)]
. (27)
Notice that the above definition implies that Eu =
0 if the binomial coefficient is a prime number and
that p will be smallest (and hence the entangle-
ment bound largest) when the binomial coefficient
is a perfect square, as expected. Here we assumed
that our measurement set consists only of number-
of-particles measurements and that our system is
perfectly isolated. Also notice that since p = 2 is
the smallest prime number, it is always true that
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the following weaker inequaltiy holds
Eu ≤ log
[
1
2
(
n+m− 1
m− 1
)]
. (28)
V. CONCLUSION
We introduced the concept of a measurement
space, a map of the Hilbert space where states
contain only the information extractable through
available measurements. We considered how en-
tanglement measures behave in the measurement
space and proved several results, summarised as
follows:
1. As long as the measurement operators are
local, the amount of entanglement in the
measurement space never exceeds the orig-
inal amount of entanglement
2. If one had the availability of a perfect rank-
1 projecting measurement device, the quan-
tum communication protocols would run
with the same fidelity with that device and a
state with the amount of entanglement that
is present in the measurement space as with
the original imperfect device and a state with
more entanglement
3. Increasing or decreasing the entanglement of
the original state respectively increases or
decreases the maximum possible entangle-
ment one can get in the measurement space,
allowing for the unitary operations. This im-
plies that the LOCC maps always decrease
the maximum attainable amount of entan-
glement in the measurement space. Unfortu-
nately this has only been proven for qubits.
The above give us good reason to interpret the en-
tanglement in the measurement space as being the
operationally useful entanglement in the context of
quantum communication protocols.
We also investigated the way measurement
space entanglement can be applied to the mode
entanglement. Here we found that mode entangle-
ment is only non-zero in the measurement space
when the total number of measurement outcomes
is not a prime number. In the case of a com-
pletely isolated single particle, we find that due
to the existence of only two possible outcomes,
the measurement space entanglement always van-
ishes. However, introducing additional particles
that would essentially increase the number of out-
comes, makes it possible for the mode entangle-
ment to obtain measurable consequences.
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